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We study surface zero-energy flat bands in three-dimensional chiral superconductors with pz(px+
ipy)
ν-wave pairing symmetry (ν is a nonzero integer), based on topological arguments and tunneling
conductance. It is shown that the surface flat bands are fragile against (i) the surface misorientation
and (ii) the surface Rashba spin-orbit interaction. The fragility of (i) is specific to chiral SCs, whereas
that of (ii) happens for general odd-parity SCs. We demonstrate that these flat band instabilities
vanish or suppress a zero-bias conductance peak in a normal/insulator/superconductor junction,
which behavior is clearly different from high-Tc cuprates and noncentrosymmetric superconductors.
By calculating the angle resolved conductance, we also discuss a topological surface state associated
with the coexistence of line and point nodes.
I. INTRODUCTION
Gapless phases of matter have received enormous at-
tention in recent years. In the context of unconven-
tional superconductors (SCs), such gapless phases man-
ifest as nodal excitations in superconducting gaps, and
they have played important roles in determination of the
pairing symmetry. Recent developments on topological
classification1–9 have deepened the understanding of the
nodal stability. From the topological perspective, the
stability of the nodal structure is ensured by topologi-
cal numbers, which predict surface zero energy Andreev
bound states at the same time, due to the bulk-boundary
correspondence. In particular, line nodes induce sur-
face zero energy flat bands in projected surface Bril-
louin zone (BZ)10–14. The existence of the surface zero-
energy flat bands results in a zero-bias conductance peak
(ZBCP) in the tunneling spectroscopy15–19, which has
been observed in high-Tc cuprates
20–26. In addition, sim-
ilar ZBCPs have been anticipated theoretically in time-
reversal invariant (TRI) noncentrosymmetric SCs27–31
such as CePt3Si
32–34, CeRh3Si
35, and CeIrSi3
36.
Up to this time, line node in TRI SCs have been con-
sidered. In TRI SCs, there is chiral symmetry that is
obtained as a combination of particle-hole (PHS) and
time-reversal symmetries (TRS) in most topological ar-
guments. The chiral symmetry makes it possible to de-
fine a one-dimensional (1D) winding number, which en-
sures the stability of line nodes and the existence of sur-
face flat bands. However, for heavy fermion SCs such as
UPt3
37–39 and URu2Si2
40–42, line nodes in time-reversal
breaking gap functions have been also proposed. These
materials are candidates of 3D chiral superconductors
with pz(px + ipy)
ν pairing symmetry. ν = 1 corresponds
to chiral d-wave pairing(URu2Si2), and ν = 2 to chi-
ral f-wave pairing (B-phase of UPt3). These gap func-
tions support a horizontal line node on the kxky plane,
and point nodes in the kz-axis. Interestingly, it has been
shown that the 3D chiral SCs support zero energy surface
flat bands on a surface perpendicular to the z-axis43,44.
(See Fig. 1).
In this paper, we address the stability of the line node
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FIG. 1. (color online) Schematic picture of topological surface
states in 3D chiral SCs with ν = 1, where a spherical Fermi
surface is assumed. The chiral SC hosts both line and point
nodes, which induces a zero-energy flat band and an arc sur-
face state (chiral linear dispersion) at each projected surface,
respectively.
and the surface flat band in the 3D chiral SCs, based on
topological arguments and tunneling conductance. Since
the chiral SCs break time-reversal symmetry, the fore-
mentioned chiral symmetry is absent. Nevertheless, by
using a momentum-dependent gauge symmetry, we find
a momentum-dependent chiral symmetry specific to the
chiral SCs, which allows us to define a similar 1D winding
number. This winding number explains the existence of
zero energy surface flat bands on a surface normal to the
z-axis. In contrast to the original chiral symmetry, the
model-dependent chiral symmetry is fragile, and the sur-
face zero energy flat bands disappear when a surface is
not normal to the z-axis. We find that in the latter situa-
tion, arc surface states appear, instead. (See Fig. 2). The
surface arcs connect the projections of the point nodes
and the line nodes on the surface BZ. We also reveal the
topological origin of the arc structures. The main pur-
pose of this paper is to clarify the disappearance of zero
energy flat bands and explore the interplay between sur-
face states originating from line and point nodes in the
2higher order chiral SCs.
We also argue the parity-dependence of the stability.
For odd ν, the parity of the gap function is even, while for
even ν, the parity is odd. In our previous paper8, we have
uncovered that line nodes in odd-parity SCs are topolog-
ically unstable, and the corresponding surface states are
fragile against the surface Rashba spin-orbit interaction
(RSOI). Taking into account the RSOI in the calculation
of tunneling conductance, we confirm the flat band insta-
bility in the even ν case as the suppression of the ZBCP
with increasing the magnitude of the RSOI.
This paper is organized as follows. In Sec. II, we dis-
cuss our model and symmetries that the 3D chiral SCs
host. In Sec. III, 1D and 2D topological numbers in
3D chiral SCs are introduced and their relation to zero-
energy Andreev bound states are discussed in subsec-
tion III C. In Sec. IV, we show tunneling conductance
in a normal/insulator/superconductor junction for chiral
SCs. The influence of the misorientation angle and the
RSOI on the conductance is discussed in subsection IVA
and IVB, respectively. Finally, we summarize this paper
in Sec. V.
II. MODEL SYSTEMS
We phenomenologically model 3D chiral SCs with
kz(kx + iky)
ν -wave pairing symmetry (ν = 0, 1, 2, · · · )
as a single band system described by the Bogoliubov-de
Gennes (BdG) Hamiltonian H = 12
∑
k
Ψ†
k
H(k)Ψk, with
ΨT
k
= (ck,↑, ck,↓, c
†
−k,↑, c
†
−k,↓) and
H(k) =
(
E(k) ∆(k)
∆(k)† −ET (−k)
)
. (1)
Here E(k) describes a normal dispersion with TRS and
∆(k) takes
∆(k) =


∆0
kν+1
F
kz(kx + iky)
νisy ν : odd,
∆0
kν+1
F
kz(kx + iky)
νsx ν : even.
(2)
The parity of the gap function is even (odd) when ν is
odd (even). kF is the Fermi wavelength and the direc-
tion of d-vector for the odd parity gap function is chosen
to be parallel to the z direction for convenience. Note
that the kz(kx+ iky)
ν-wave pairing symmetry is realized
when the gap function respects a 2D irreducible represen-
tation of point groups; for example, UPt3 and URu2Si2
correspond to the E2u representation of D6h and the Eg
representation of D4h, respectively.
The BdG Hamiltonian (1) hosts several discrete sym-
metries that are relevant to topological numbers dis-
cussed in the next section. First of all, the BdG Hamil-
tonian hosts PHS: CH(k)C−1 = −H(−k) with C =
s0τxK, where si = (1,σ) and τi = (1, τ ) are the Pauli
matrices in spin and Nambu spaces, respectively, and K
is the complex conjugation. For ν = 0, the BdG Hamil-
tonian also supports TRS: TH(k)T−1 = H(−k), where
T = isyτ0K. We also impose inversion symmetry on
the present model such that PH(k)P−1 = H(−k) with
P = s0τ0 for even parity and P = s0τz for odd parity.
Besides these fundamental symmetries, the system
with nonzero ν also has an accidental symmetry, which
we call pseudo TRS. The gap function kz(kx + iky)
ν
is rewritten as kz(k
2
x + k
2
y)
ν
2 eiνϕk with ϕk = tan
−1 ky
kx
.
Thus, by the local gauge transformation, UϕkH(k)U
†
ϕk
with Uϕk = e
−i ν
2
ϕks0τz , the gap function becomes
∆0
kν+1
F
kz(k
2
x + k
2
y)
ν
2 , so the system recovers TRS. In other
words, the BdG Hamiltonian (1) has the following mo-
mentum dependent pseudo TRS.
U †ϕkTUϕkH(k)U
†
ϕk
T †Uϕk = H(−k), (3)
where Uϕk = s0τ0 when ϕk = 0. As we will discuss in
Sec. IV, the accidental symmetry plays a crucial role in a
flat band instability concerning a surface misorientation.
Finally, the BdG Hamiltonian possesses spin-rotation
symmetry, [Sz, H(k)] = 0 with Sz = iszτz . As discussed
below, the spin-rotation symmetry is essential for the sta-
bility of the surface flat bands in the even ν case.
III. TOPOLOGICAL NUMBERS AND SURFACE
STATES
Topological properties of nodal SCs in 3D are at-
tributed to topological numbers of point and line nodes.
To characterize the topological numbers in 3D chiral SCs
in which point and line nodes exist in the kz axis and
on the kxky plane, we introduce 1D and 2D topologi-
cal numbers associated with line and point nodes. These
topological numbers are defined within lower dimensional
subspaces in the BZ. Importantly, the 1D topological
number originates from the interplay between topology
and symmetry and is affected by the pseudo TRS and
the spin-rotation symmetry, as we shall show in the fol-
lowing.
A. One-dimensional topological number
To define the 1D topological number associated with
a line node, we recall a winding number in TRI SCs
(see Refs. 10 and 12 for example). A key ingredient is
a so-called chiral operator Γ ≡ −iCT satisfying the anti-
commutation relation {Γ, H(k)} = 0. Using the chiral
operator and a BdG Hamiltonian, the 1D winding num-
ber is normally defined by
W (k‖,Γ) ≡
−1
4πi
∫ ∞
−∞
dk⊥ Tr[ΓH
−1(k)∂k⊥H(k)], (4)
which takes an integer under the regularization10. k‖
and k⊥ are wave vectors parallel and perpendicular to a
certain surface, respectively. Although 3D chiral SCs do
not have TRS, they have the pseudo TRS (3) instead.
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FIG. 2. (color online) Relation between the misorientation angle α and the topological surface states in 3D chiral SCs with a
spherical Fermi surface and ν 6= 0. In the angle 0 < α < pi/4, the zero-energy flat band suddenly disappears and instead an
arc surface state appears according to the 1D winding number defined by Eq. (9). When α is greater than pi/4, fully gapped
regions exist in the bulk BZ, which allows to exist a nontrivial TKNN number N(k‖,1) defined by Eq. (13). The TKNN number
ensures the existence of 2ν arc surface states, where 2 comes from the spin degeneracy.
The combination of the pseudo TRS and PHS also satis-
fies the anticommutation relation with the BdG Hamilto-
nian, whereby leading to a chiral operator. Furthermore,
the existence of inversion symmetry leads to the vanish-
ing of the 1D winding number: W (k‖,Γ) = 0 in the even
ν case. (See Appendix A for more details). Hence, a line
node in odd-parity SCs is generally unstable under TRS
and inversion symmetry and a stable one requires an ad-
ditional symmetry. In this paper, in order to acquire a
stable line node, we use the spin-rotation symmetry pro-
vided in the previous section, which makes a line node
stable8. In the following, we define a chiral operator and
an associated 1D winding number for even and odd parity
cases, respectively.
In the even-parity case, a proper chiral operator is de-
fined by Γϕk ≡ U
†
ϕk
ΓUϕk and the corresponding 1D wind-
ing number is given by Eq. (4) replacing Γ with Γϕk :
W (k‖,Γϕk) ≡W
e(k‖). (5)
Since Γϕk depends on Uϕk , the quantization of W
e re-
quires ∂k⊥ϕk = 0, which is satisfied only for k⊥ = kz
or ϕk = 0. For this reason, the topological surface state
strongly depends on the relative angle between the line
node and the surface. This is a key feature of 3D chi-
ral SCs, resulting in instability of ZBCP in terms of the
surface misorientation.
On the other hand, using the local gauge transforma-
tion and the spin-rotation symmetry, the chiral operator
in the odd-parity case is defined as Γsϕk ≡ U
†
ϕkSzCTUϕk.
With the chiral operator Γsϕk , we define the 1D topolog-
ical number as
W (k‖,Γ
s
ϕk) ≡W
o(k‖). (6)
Here ν = 0 satisfies ϕk = 0. Thus, W
o with ν = 0 is
well-defined at any surface except for the surface being
normal to the line node. On the other hand, W o with
ν 6= 0 is quantized only for k⊥ = kz or ϕk = 0 due to the
momentum dependence of the chiral operator. As a re-
sult, line-node-induced surface states will be sensitive not
only to a surface misorientation, but also to the RSOI.
Assuming that a pairing interaction is weak, ∆(k) is
negligibly small far way from the Fermi surface. The
weak pairing assumption allows us to simplify the cal-
culation of the 1D winding numbers because the main
contribution comes from momentum around the Fermi
surface. Substituting Eqs. (1) and (2) into Eqs. (5) and
(6), the 1D winding numbers are rewritten in a simple
form10,11,30. In pz-wave SCs (ν = 0), it yields for any k⊥
W o(k‖) =
∑
E(k)=0
sgn[∂k⊥E(k)] · sgn[kz], (7)
where the summation is taken for k⊥ satisfying E(k) =
0. Whereas the 1D winding numbers with ν 6= 0 are
described as follows. When k⊥ = kz ,
W e(o)(kx, ky) =
∑
E(k)=0
sgn[∂kzE(k)] · sgn [kz] , (8)
and when k⊥ 6= kz and ky = 0,
W e(o)(k‖,1) =
∑
E(k)=0
sgn[∂k⊥E(k)] · sgn[kzk
ν
x], ν : odd (even).
(9)
Here k⊥ and k‖,1 lie in the kxkz plane and are orthog-
onal to each other. To see the 1D winding numbers
concretely, we shall consider a spherical Fermi surface
E(k) = ~
2
2m (k
2 − k2F ), where m is the mass of electron,
and introduce the misorientation angle between the line
node and the surface as α satisfying
(
k‖,1
k⊥
)
=
(
cosα sinα
− sinα cosα
)(
kx
kz
)
. (10)
In this case, Eq. (8), i.e., α = 0 leads to 2 at the inside of
the Fermi surface in the surface BZ. On the other hand,
as we change the surface misorientation (α 6= 0), Eq. (9)
describes the surface state and is evaluated as follows.
4When 0 < α < π/4,
W e(k‖,1) =


−2 − cosα < k‖,1/kF < − sinα,
2 sinα < k‖,1/kF < cosα,
0 otherwise,
(11a)
W o(k‖,1) =
{
2 |k‖,1/kF | < cosα,
0 otherwise,
(11b)
and when π/4 < α < π/2,
W e(k‖,1) =


−2 − sinα < k‖,1/kF < − cosα,
2 cosα < k‖,1/kF < sinα,
0 otherwise,
(12a)
W o(k‖,1) =
{
2 |k‖,1/kF | < cosα,
0 otherwise,
(12b)
where 2 is due to the spin degeneracy. Equations (11)
and (12) show a nontrivial winding number along the
direction ky = 0 for a proper angle.
B. Two-dimensional topological number
Due to the presence of point nodes (ν 6= 0), there exists
the Thouless-Kohmoto-Nightingale-den Nijs (TKNN)
number45 defined at a fixed k‖,1, which also character-
izes the topological structure:
N(k‖,1) =
i
2π
∑
n∈occ
∫
BZ
dk⊥dk‖,2ǫ
ab∂ka〈un(k)|∂kb |un(k)〉,
(13)
where |un(k)〉 is an eigenstate of H(k) and the summa-
tion is taken over all of occupied states. Here k‖,2 is a
direction orthogonal to k⊥ and k‖,1; ka and kb take k⊥
and k‖,2. Using eigenvectors of Eq. (1), we obtain for
both even and odd parity pair potentials
N(k‖,1) =
2ν
4π
∫ ∞
−∞
∫ ∞
−∞
dk⊥dk‖,2ǫ
ab sin θk∂kaθk∂kbϕk,
(14)
with θk ≡ tan
−1[∆0kz(k
2
x+k
2
y)
ν
2 /(E(k)kν+1F )]. As a con-
crete model, let us consider a spherical Fermi surface
given by ǫ(k) = ~
2
2m
[
k
2 − k2F + δ
(
k2⊥ + k
2
‖,2
)j]
(2j >
ν), where the last term is added so as to satisfy the regu-
larization at k⊥, k‖,2 →∞ and δ is an infinitesimal coef-
ficient. When k‖,1 = kz, i.e., α = π/2, Eq. (14) is readily
calculated as
N(kz) = −ν(1 + sgn(k
2
F − k
2
z)) (15)
except for kz = 0 (see Fig. 2 (e)). When k‖,1 6= kz,
N(k‖,1) takes −2ν if H(k) is fully gapped at a fixed k‖,1.
This condition is satisfied for− sinα < k‖,1/kF < − cosα
and cosα < k‖,1/kF < sinα within π/4 < α < π/2 (see
Fig. 2 (d)).
C. Topological surface states
The 1D and 2D topological numbers ensure the exis-
tence of zero-energy surface states via the bulk-boundary
correspondence. We shall consider the semi-infinite su-
perconductor on x⊥ > 0, where x⊥ is the conjugate co-
ordinate of k⊥ and the surface is at x⊥ = 0. The BdG
equation is given by
H(x⊥,k‖)Ψ(x⊥,k‖) = E(k‖)Ψ(x⊥,k‖), (16)
with the boundary condition Ψ(0,k‖) = 0. The zero-
energy surface state satisfies E(k‖) = 0. We first discuss
a zero-energy flat band associated with a line node. If a
chiral symmetry Γ exists in H(x⊥,k‖), it demands that
the number of positive energy states is equal to that of
negative energy states for E(k‖) 6= 0 due to the anti-
commutation relation between Γ and H . Thus, as we
define the number of zero-energy states with Γ = +(−)
as N+0 (N
−
0 ), stable zero energy states exist only when
N+0 6= N
−
0 . It is for the reason that chiral symmetry pre-
serving perturbations shift the surface states from zero
energy within a pair of the zero-energy states with oppo-
site chirality. The number of zero-energy states indeed
connects with the winding number (4):10
W (k‖,Γ) = N
−
0 −N
+
0 . (17)
Since the pseudo TRS plays the same role as TRS at
the specific momentum such as k⊥ = kz and ky = 0,
we can apply Eq. (17) to Eqs. (5) and (6) there. In the
case of the spherical Fermi surface, a zero energy flat
band will appear at the inside of the Fermi surface in the
surface BZ when the surface is parallel to the line node
(α = 0) (see Fig. 2 (a)). In contrast to the zero-energy
flat band, as we shift the misorientation angle from 0, the
many zero-energy states vanish and instead arc surface
states emerge in the line ky = 0 as remnants of the zero-
energy flat band according to Eqs. (11) and (12). (See
Fig. 2 (b)-(d)). The vanishing of the zero-energy flat
band contrasts sharply with that in TRI SCs and is one
of the main results in this paper.
Similarly to a line node, a pair of point nodes in-
duces an arc surface state terminating the projected point
nodes on the surface BZ (see Fig. 2 (e)). Let us consider
the semi-infinite superconductor (x > 0) with the spher-
ical Fermi surface. From Eq. (15), the TKNN number
takes −2ν within |kz | < kF . Hence, 2ν arc surface states
with the chiral linear dispersion appears in the projected
surface BZ. The same arc surface state has been studied
in chiral SCs without the line node, such as superfluid
helium A phase 1,46,47 and Sr2RuO4
48–52. It would be
noted that 1D and 2D topological number induced sur-
face states coexist in the angle π/4 < α < π/2, together
with the emergence of fully gapped regions in the bulk
BZ. (See Fig. 2 (d)).
5FIG. 3. (color online) Normalized conductances for ν = 0
(a), ν = 1 (b), and ν = 2 (c) with various barrier potentials
Z = 0, 1, 2, and 6. Angle resolved conductances σS(eV =
0, θ, φ) cos θ with Z = 6 for n = 0, 1, and 2 are shown in
the pictures (d), (e), and (f), respectively, which indicate the
formation of the zero-energy flat band at (001) plane as the
function of (kx, ky).
IV. TUNNELING CONDUCTANCE
To test these expectations in the topological argument,
we discuss in the following tunneling conductance in a 3D
normal metal/insulator/chiral superconductor (N/I/S)
junction. It is well-known that a surface zero-energy flat
band induces a sharp ZBCP for line nodal SCs such as
high-Tc cuprates and noncentrosymmeric SCs. Normally,
the ZBCP plays an important role to distinguish a nodal
SC from a fully gapped one and is robust against TRS
preserving perturbations, e.g., a nonmagnetic impurity.
In contrast, as discussed in the previous section, the
ZBCP in 3D chiral SCs is expected to be more fragile
than that in TRI SCs. This is because the chiral opera-
tor depends on the pseudo TRS and/or the spin-rotation
symmetry. Hence, the breaking of lattice symmetry or
spin-rotation symmetry will shift the flat band from zero
energy. The purpose of this section is to demonstrate
these fragilities of the ZBCP under the effect of the sur-
face misorientation and the surface RSOI. These pertur-
bations preserve TRS, but breaks each of the acciden-
tal symmetries. To see these phenomena, we shall con-
sider an N/I/S junction with a flat interface perpendic-
ular to the z-axis and the spherical Fermi surface, i.e.,
E(k) = ~
2
k
2
2m − µ, where µ is the chemical potential.
In this setup, we calculate tunneling conductance us-
ing the Blounder-Thinkham-Klapwijk (BTK) formula53,
with taking into account the effect of the surface misori-
entation and the surface RSOI. By solving the BdG equa-
tion (16) for E(k‖) = eV and using the quasi-classical ap-
proximation, i.e., µ≫ |E(k‖)|, |∆(k)|, the wave function
ansatz for the normal state (z < 0) and the supercon-
ducting state (z > 0) is given by
ΨNσ (z,k‖) = ψ
N
e,σe
ik·r +
∑
σ′=±
(
aσ,σ′ψ
N
h,σ′e
ik·r
+ bσ,σ′ψ
N
e,σ′e
ik˜·r
)
z < 0, (18a)
ΨS(z,k‖) =
∑
σ′=±
(
cσ′ψ
S
e,σ′e
ik·r + dσ′ψ
S
h,σ′e
ik˜·r
)
z > 0,
(18b)
with
ψNe,σ = 1/2[1 + σ, 1 − σ, 0, 0]
T , (19a)
ψNh,σ = 1/2[0, 0, 1 + σ, 1− σ]
T , (19b)
ψSe,σ = 1/2[1 + σ, 1 − σ, (1 − σ)ηΓ+, (1 + σ)Γ+]
T , (19c)
ψSh,σ = 1/2[(1 + σ)Γ−, (1− σ)ηΓ−, 1− σ, 1 + σ]
T ,
(19d)
where Γ+(θ, φ) = ∆
∗(θ, φ)/[E +
√
E2 − |∆(θ, φ)|2,
Γ−(θ, φ) = ∆(π − θ, φ)/[E +
√
E2 − |∆(π − θ, φ)|2] and
η = −(+) for the even (odd) parity pairing. The super-
scriptsN and S indicate the normal and superconducting
states and the subscripts e and h describe electron and
hole states, respectively. k˜ = (kx, ky − kz) and the all
trajectories of electron and hole have the same incident
angle (kx, ky, kz) = kF (sin θ cosφ, sin θ sinφ, cos θ) since
we assume that the chemical potential for the normal
state is the same as that for the superconducting state.
The coefficients aσ,σ′ , bσ,σ′ , cσ, and dσ are determined
by the boundary conditions:
ΨNσ (0−,k‖) = Ψ
S(0+,k‖), (20a)
dΨS
dz
∣∣∣
z=0+
−
dΨNσ
dz
∣∣∣
z=0−
=
2mU0
~2
ΨS(0+,k‖), (20b)
where the insulating barrier at z = 0 is modeled as the
δ-function V (z) = U0δ(z). Solving Eq. (20), we obtain
the normal reflection and Andreev reflection coefficients
bσ,σ′ and aσ,σ′ , which give the transmissivity in the N/I/S
6junction as18
σS(eV, θ, φ) = 1 +
1
2
∑
σ,σ′=±
[|aσ,σ′ |
2 − |bσ,σ′ |
2]
= σN
1 + σN|Γ+|
2 + (σN − 1)|Γ+|
2|Γ−|
2
|1 + (σN − 1)Γ+Γ−|2
,
(21)
where σN =
4
4+Z2
0
and Z0 =
2mU0
~2kF cos θ
≡ Zcos θ . Integrat-
ing σS(eV, θ, φ) with respect to the all incident angles of
injected electrons, the normalized tunneling conductance
is given by
σ(eV ) =
∫ 2pi
0
dφ
∫ pi/2
0
dθ σS(eV, θ, φ) sin θ cos θ∫ 2pi
0 dφ
∫ pi/2
0 dθ σN sin θ cos θ
. (22)
We numerically calculate the normalized conductance
(22) and the transmissivity (21) for ∆(θ, φ) = ∆0 cos θ
(ν = 0), ∆0 cos θ sin θe
iφ (ν = 1), and ∆0 cos θ sin θe
i2φ
(ν = 2) with various barrier potentials, which are shown
in Fig. 3. Due to the line node at kz = 0, the zero-energy
flat band appears at the (001) plane in all cases with
Z = 6 (see Fig. 3 (d), (e), and (f)) and we obtain a sharp
ZBCP under the high barrier potential (see Fig. 3 (a),
(b), and (c)).
A. Effect of surface misorientation
To show the zero-energy flat band instability in terms
of the misorientation angle, we rotate the coordinate of
the pair potential in the kzkx plane instead of rotating the
surface: (kx, ky, kz) → (kx cosα − kz sinα, ky , kx sinα +
kz cosα), where α is the misorientation angle defined in
Sec. III A. The pair potential for ν = 0, 1 and 2 become
∆(θ, φ, α) = ∆0(sin θ cosφ sinα+ cos θ cosα), (23)
∆(θ, φ, α) = ∆0(sin θ cosφ sinα+ cos θ cosα)
×(sin θ cosφ cosα− cos θ sinα+ i sin θ sinφ),
(24)
∆(θ, φ, α) = ∆0(sin θ cosφ sinα+ cos θ cosα)
×(sin θ cosφ cosα− cos θ sinα+ i sin θ sinφ)2.
(25)
Substituting Eqs. (23), (24), and (25) into Eqs. (21) and
(22), we numerically calculate the normalized conduc-
tance and the angle resolved conductance for each case,
where α takes 0, 0.1π, 0.25π, 0.4π, and 0.5π. The resul-
tant conductance is shown in Fig. 4. When α = 0, the
sharp ZBCP and the surface zero-energy flat band ap-
pear in all cases due to the presence of the line node.
As slightly changing α, in the p-wave SC (ν = 0), the
ZBCP remains and the zero-energy flat band still forms
at the interior of the projected line node as shown in
Fig. 4 (d-ii). In contrast, the ZBCP and the surface
zero-enrgy flat band in the chiral SCs (ν = 1 and 2)
vanish abruptly (see Figs. 4 (e-ii) and (f-ii)). The rea-
son for the disappearance of the flat band is understood
from the definition of the 1D wingding number (8) and
(9). Hence, the 1D winding number for ν = 1 and 2 is
quantized only when ∂k⊥ϕk = 0, while that for ν = 0
is well-defined unless k⊥ = kx. Therefore, the ZBCP
in 3D chiral SCs (ν 6= 0) is fragile against the surface
misorientation and clearly different from the behavior of
the ZBCP in the p-wave SC. Furthermore, in ν = 1 and
ν = 2, an arc surface state emerges for the misorien-
tation angle 0 < α ≤ π/2 due to the presence of the
point nodes. When 0 < α < π/4, the arc surface state
originates from the 1D winding number (9). According
to Eq. (11), the arc surface state in Fig. 4 (e-ii) is induced
by W e, while that in Fig. 4 (f-ii) comes from W o. As α
reaches π/4, the projected positions of the line and point
nodes overlap, so that the zero-energy states vanish for
ν = 1 and that remains for ν = 2 as shown in Fig 4 (e-
iii) and (f-iii). When π/4 < α < π/2, the TKNN number
N becomes nontrivial because the pair potential is fully
gaped in kykz plane within − sinα < kx/kF < − cosα
and cosα < kx/kF < sinα. The TKNN number ensures
the existence of an arc surface state for ν = 1 (see Fig. 4
(e-iv)) and double one for ν = 2 (see Fig. 4 (f-iv)). In-
terestingly, a mixed surface state emerges in Fig. 4 (f-iv)
with ν = 2, in which the 1D winding numberW o induced
surface state exists at |kx/kF | < cosα and the TKNN
number N induced one at − cosα < kx/kF < − sinα
and sinα < kx/kF < cosα. Finally, achieving α = π/2,
the TKNN number induced arc surface state only exists.
B. Effect of Rashba spin-orbit interaction
Next, we introduce the surface RSOI in order to in-
vestigate the flat band instability caused by the breaking
of the spin-rotation symmetry. The interface at z = 0
breaks inversion symmetry, which thus gives rise to the
RSOI. We take into account this effect in the BTK for-
mula based on Refs 54 and 55. Assuming that the RSOI
is localized at z = 0, we modify the insulating barrier
potential as
V (z) = (U0 + U1(s× kˆ) · zˆ)δ(z), (26)
where kˆ and zˆ mean a unit vector of k and z, respectively.
It follows the modified boundary condition:
ΨNσ (0−,k‖) = Ψ
S(0+,k‖), (27a)
dΨS
dz
∣∣∣
z=0+
−
dΨNσ
dz
∣∣∣
z=0−
=
2m
~2


U0 USO 0 0
U∗SO U0 0 0
0 0 U0 −U
∗
SO
0 0 −USO U0

ΨS|z=0+ , (27b)
where USO = iU1 sin θe
−iφ. By solving the BdG equation
7FIG. 4. (color online) Normalized conductances with the barrier potential Z = 6 and various misorientation angles α =
0, 0.1pi, 0.25pi, 0.4pi and 0.5pi for n = 0 (a), n = 1 (b), and n = 2 (c). Figures (d), (e), and (f) show each angle resolved
conductance σS(eV = 0, θ, φ) cos θ as varying the misorientation angle α.
under the boundary condition (27), aσ,σ′ and bσ,σ′ obey
the simultaneous linear equations:


iZ1 2− iZ0 iΓ+ iΓ+Z1
2− iZ0 iZ
∗
1 iηΓ+Z
∗
1 iηΓ+Z0
iΓ−Z1 −iΓ−Z0 2 + iZ0 iZ1
iηΓ−Z0 −iηΓ−Z
∗
1 −iZ
∗
1 −(2 + iZ0)




aσ,+
aσ,−
bσ,+
bσ,−


=




Γ+(2− iZ0)
−iηΓ+Z
∗
1
−iZ0
iZ∗1

 if σ = +,


−iΓ+Z1
ηΓ+(2 − iZ0)
−iZ1
iZ0

 if σ = −,
(28)
where Z1 =
i2mU1 sin θe
−iφ
~2kF cos θ
≡ ZSOie
−iφ sin θ
cos θ . Also, the
normal conductance is given by
σN =
4(4 + |Z1|
2 + Z20 )
(4 + |Z1|2 − Z20 )
2 + 16Z20
. (29)
Numerically solving Eq. (28), we determine the transmis-
sivity and the normalized conductance. The calculated
normalized conductance and angle resolved conductance
are shown in Fig. 5. As expected, Figs. 5 (a) and (c) show
the suppression of the ZBCP in the normalized conduc-
tance with increasing the magnitude of the RSOI, while
Fig. 5 (b) maintains the ZBCP under the RSOI. Along
with the suppression of the ZBCP, the disappearance of
the zero-energy flat band is verified in Fig. 5 (d) and (f)
via the angle resolved conductance in eV = 0. Thus,
the obtained results agree well with the topological ar-
8FIG. 5. (color online) Normalized conductances for n = 0 (a),
n = 1 (b), and n = 2 (c) with the barrier potential Z = 6,
taking into account the RSOI ZSO = 0, 2, 4, 6 and 8. Angle
resolved conductances σS(eV = 0, θ, φ) cos θ with Z = 6 and
ZSO = 8 for n = 0, 1, and 2 are shown in the pictures (d),
(e), and (f), respectively. A large region of the zero-energy
surface states disappears due to the RSOI when ν is even.
guments. Hence, in even ν, the RSOI breaks the spin-
rotation symmetry and leads to the flat band instability,
while the suppression of the ZBCP does not occur in odd
ν because the pseudo TRS only stabilize the flat band
and is still preserved under the RSOI.
V. SUMMARY
In summary, we have discussed surface states in 3D chi-
ral SCs with pz(px + ipy)
ν-wave pairing symmetry and
found fragility of surface zero-energy flat bands against
the surface misorientation and the surface RSOI. These
instabilities are due to the breaking of the protecting
symmetries: the pseudo TRS and the spin-rotation sym-
metry. Using the 1D winding number, we have shown
that zero-energy flat bands in the 3D chiral SCs are pro-
tected by the accidental chiral symmetry consisting of the
pseudo TRS and/or the spin-rotation symmetry. Thus,
the resulting flat bands are more fragile than is normally
understood. We have demonstrated the suppression of
the ZBCP in the N/I/S junction by numerically calcu-
lating tunnel conductance, with taking into account the
effect of the surface misorientation and the surface RSOI.
As a result, we found the suppression of the ZBCP in
terms of the surface misorientation in all of 3D chiral
SCs (ν 6= 0) because the pseudo TRS is sensitive to the
breaking of lattice symmetry. Also, including the RSOI
breaks the spin-rotation symmetry, resulting in the de-
crease of the ZBCP with increase in the magnitude of
the RSOI in odd-parity SCs. We summarized the chiral
operators discussed in this paper and the flat band in-
stabilities in Table I, in which TRI noncentrosymmetric
and TRI even-parity SCs are included. It is noteworthy
that similar flat band instabilities associated with the
breaking of chiral symmetry have been also discussed in
2D systems in the disordered limit56–58. Proximity effect
of the flat bands into diffusive normal metal is also an
interesting problem59–63.
Finally, we mention the implication of our results for
heavy fermion compounds UPt3
37–39, URu2Si2
40–42, and
SrPtAs64–66. In this paper, we have mainly focused on
TRS breaking SCs with pz(px + ipy)
ν-wave pairing sym-
metry, assuming that the normal Hamiltonian possesses
TRS. In the heavy fermion systems, however, the gap
functions are representation of a point group and they
can be more complicated. Nevertheless, as long as they
take the form pz(px+ipy)
ν near the Fermi surface, our re-
sult is applicable even for heavy fermion SCs. In our cal-
culation, we do not determine the spatial dependence of
the pair potential16,47. As far as we are considering zero
energy states, the obtained results will not be changed
even if the spatial depletion of the pair potential near
the surface is taken into account18,67,68.
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9TABLE I. Stability of surface flat bands and types of the chiral operators for several superconducting phases with a line node.
The second column shows the definition of the chiral operators for each phase, where S (S2 = −1) is an additional symmetry
such as spin-rotation symmetry and mirror-reflection symmetry. The third and fourth columns describe the influence of the
surface misorientation and the surface RSOI on the surface zero-energy flat bands, respectively. Here X (×) indicates (un)stable
flat bands.
Systems Chiral operator Misorientation RSOI
TRI noncentrosymmetric SCs29–31 −iCT X X
TRI even-parity SCs18,19,55 −iCT X X
TRI odd-parity SCs SCT X ×
Chiral even-parity SCs −iU†ϕkCTUϕk × X
Chiral odd-parity SCs U†ϕkSCTUϕk × ×
Appendix A: Vanishing of 1D winding number in
TRI odd-parity superconductors
In the presence of TRS and PHS, we always have the
chiral operator Γ = −iCT , and then it is possible to
define the 1D winding number W (k‖,Γ) by Eq. (4). In
what follows, we show that the 1D winding number W
vanishes in the case of an odd-parity pair potential owing
to inversion symmetry. We start with the general BdG
Hamiltonian described by
H =
1
2
∑
k,α,α′
(
c†
kα, c−kα
)
H(k)
(
ckα′
c†−kα′
)
, (A1)
where H(k) is given by
H(k) =
(
E(k)αα′ ∆(k)αα′
∆(k)†αα′ −E(−k)
T
αα′
)
. (A2)
c†
kα (ckα′) represents the creation (annihilation) operator
of an electron with momentum k. The suffix α represents
other degrees of freedom such as spin, orbital, and sub-
lattice indices. ǫ(k)αα′ and ∆(k)αα′ are the Hamiltonian
in the normal state and gap function, respectively. The
TRI BdG Hamiltonian possesses TRS:
ΘH(k)Θ−1 = H(−k)∗, Θ =
(
Uαα 0
0 U∗αα′
)
, (A3)
where U satisfies UE(k)U∗ = E(−k)∗ and U∆(k)UT =
∆(−k)∗, and PHS:
CH(k)C−1 = −H(−k)∗, C =
(
0 δαα′
δαα′ 0
)
. (A4)
Thus, the combination of Eqs. (A4) and (A3) satisfies
{CT,H(k)} = 0, which gives the chiral operator
Γ = −iCT =
(
0 −iU∗αα′
−iUαα′ 0
)
. (A5)
For convenience, we choose the basis with the chiral op-
erator being diagonal such that
U †ΓΓUΓ =
(
δαα′ 0
0 −δαα′
)
, UΓ =
(
δαα′ −iδαα′
−iUαα′ Uαα′
)
.
(A6)
In this basis, H(k) becomes off-diagonal form
U †ΓH(k)UΓ =
(
0 q(k)
q(k)† 0
)
, (A7)
with
q(k) ≡ iE(k) + ∆(k)U. (A8)
With this basis, the 1D winding number is rewritten as10
W (k‖,Γ) =
i
4π
∫ ∞
−∞
dk⊥ Tr[ΓH
−1(k)∂k⊥H(k)]
=
1
2π
Im
[∫ ∞
−∞
dk⊥∂k⊥ ln det q(k)
]
, (A9)
where k⊥ is momenta perpendicular to the surface. In the
TRI odd-parity SC, the BdG Hamiltonian hosts inversion
symmetry in addition to the chiral symmetry:
P˜H(k)P˜−1 = H(−k), P˜ =
(
Pαα′ 0
0 −Pαα′
)
, (A10)
where P is a real matrix and satisfies P 2 = 1. Under the
unitary transformation UΓ, the inversion operator also
transforms into
U †ΓP˜UΓ =
(
0 −iPαα′
iPαα′ 0
)
, (A11)
where [U, P ] = 0 is assumed because P always acts triv-
ially on the spin space. From Eqs. (A7) and (A11), the
addition constraint is added on q(k):
Pq†(k)P = −q(−k). (A12)
10
Furthermore, U and q(k) satisfies the relation:
Uq(k)U † = q(−k)T . (A13)
Combining Eqs. (A12) and (A13), we obtain
UPq(k)†PU † = −q(k)T . (A14)
Finally, we take the determinant for the both side of
Eq.(A14),
det q(k)† = det(−1) det q(k)T
= det q(k)T , (A15)
where det(−1) = 1 due to the spin degrees of freedom.
Therefore, det q(k) is a real function of k, which imme-
diately proves W (k‖,Γ) = 0 for any k‖.
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